We present an experimental study on the statistical properties of the injected power needed to maintain an inelastic ball bouncing constantly on a randomly accelerating piston in the presence of gravity. We compute the injected power at each collision of the ball with the moving piston by measuring the velocity of the piston and the force exerted on the piston by the ball. The probability density function of the injected power has its most probable value close to zero and displays two asymmetric exponential tails, depending on the restitution coefficient, the piston acceleration, and its frequency content. This distribution can be deduced from a simple model assuming quasi-Gaussian statistics for the force and velocity of the piston.
I. INTRODUCTION
Dissipative systems display striking dynamical behaviors when they are driven by an external forcing. A nonequilibrium steady state (NESS) can be achieved by balancing the effect of the external forcing and the inherent dissipative mechanisms of the system under study. In physics, the number of examples is vast. For instance, in fluid mechanics, a typical example of NESS is the so-called fully developed hydrodynamic turbulence [1, 2] , where the energy pumped at a large scales is transported towards small scales where it is dissipated by viscosity. In granular materials, a granular gas is a NESS achieved by injecting energy through the boundaries of a container into a dilute sample of particles which will later dissipate it via inelastic collisions, converting kinetic energy into plastic deformations [3] [4] [5] [6] . Similar examples of nonequilibrium steady states can be found in electronic circuits [7] [8] [9] , turbulent thermal convection [10] , two-dimensional turbulence [11] , wave turbulence in elastic plates [12] and surface waves [13] , molecular machines [14] , and so forth. In these steady states, the injected power or other global quantities (i.e., quantities averaged over space and/or time such as energy, momenta, and number of particles) will fluctuate strongly and depend on both the injection mechanism and the impedance of the system to the driving. Thus, in a NESS these global quantities cannot be regarded as constant as they depend on the interaction between the system and the injection mechanism, even in the case of time-periodic (sinusoidal) forcing [15] . When the driving can be described statistically by a Gaussian random process with zero mean, their fluctuations can be several times larger than their mean values [5, 6, [11] [12] [13] . It prevents the use of a large set of theoretical tools which are of fundamental use in the thermodynamical limit [16, 17] which allow the prediction and control of systems with a large degree of components.
* cfalcon@ing.uchile.cl A simple example of how an out-of-equilibrium balance between injection and dissipation generates a NESS is an inelastic bouncing ball driven vertically by a randomly moving piston in the presence of gravity. In this simple system energy is pumped into the bouncing ball by the moving piston, which is dissipated mainly by plastic deformations of the bead and viscous drag with the air surrounding the ball. The dynamics of inelastic bouncing balls excited by vertical vibrations has been researched extensively theoretically, experimentally, and numerically as examples of permanent chaotic behavior when the piston moves periodically [18] [19] [20] [21] . On the other hand, only a handful of theoretical studies have reported on the properties and features of the NESS dynamics of the inelastic bouncing ball system when the motion of the piston is quasiperiodic [22] or when the bead is subjected to a random acceleration [23] . It must be noticed that, experimentally, the injection of energy (or other quantities) into a dissipative system is usually accompanied by fluctuations, affecting the statistical properties of the NESS under study. Thus, an experimental study on the properties and features of the NESS achieved by a randomly excited inelastic bouncing ball is lacking.
In the present paper, we focus our work on the statistics of the injected power furnished by the randomly moving piston which is necessary to maintain an inelastic ball bouncing constantly. In Sec. II we present the experimental setup and measuring techniques used to quantify the injected power I n on each impact of the bouncing ball. Section III shows the experimentally measured probability distribution functions (PDF) for the force F n and velocity v n of the moving piston as the bead makes the nth impact onto its surface, and with this data we compute the PDF of I n . This distribution has its most probable value close to zero and displays two asymmetric exponential tails, depending on the restitution coefficient, the piston acceleration, and its frequency content. In Sec. IV we show that by using a simple modified bivariate distribution for F n and v n we can be compute theoretically the distribution of I n . Finally, in Sec. V we discuss the possible applications of the model and how it can be generalized to granular gases. 
II. EXPERIMENTAL SETUP AND MEASUREMENT TECHNIQUES
The experimental setup is shown in Fig. 1 . An 8 mm bead (made out of steel, brass, copper, polyurethane, or nylon, with ±1 μm tolerance in diameter, ±1 μm in sphericity with masses presented in Table I ) is placed inside a vertical plexiglass enclosing tube (outer diameter 15 mm, inner diameter 9 mm), which is polished on its inside part to reduce sliding friction with the bead. The tube is screwed to a plexiglass piston driven randomly in time by a minishaker (B&K 4810). An accelerometer (B&K 4803) screwed to the oscillating piston measures the acceleration a(t) of the whole setup via a charge amplifier (B&K 2635). The random forcing of the plexiglass piston, generated by a desktop computer using LabView via an acquisition card (NI-6022) through a power amplifier (B&K 2706), is a zero-mean colored Gaussian noise with a controlled frequency bandwidth [f l ,f u ] and rms amplitude normalized with respect to gravity = a(t) 2 /g. In our experiments f u 
A. Coefficient of restitution r
In order to understand the dissipative motion of an inelastic bead bouncing on a randomly moving piston, we first measure the experimental coefficient of restitution (COR) r for different beads of different materials following a scheme similar to the one proposed in Ref. [24] . To do this, the impact sensor is screwed on an aluminum block ( r is defined as the ratio between the bead velocity before and after an impact and it is assumed to be constant [24] . Thus, the COR can be computed as r = v n+1 /v n . The measurement of v n and v n+1 is difficult, but we can compute its ratio using simple particle mechanics relating r with the time of flight of the particle.
B. Calculation of r via time of flight
The total time elapsed d n between the nth and n+1th impact can be measured from the series of force peaks (as the one shown in Fig. 2 ), which can be used to compute r. d n can be expressed as d n = τ n + t n , where τ n is the duration of the nth collision and t n is the time of flight in between shocks. These times are measured from the temporal trace of the impact sensor, which consists of a series of peaks showing the time events where the bead impacts the sensor bouncing repeatedly over the piston in shortening time intervals as shown in Fig. 3 .
Assuming negligible dissipation in between these intervals the ball is performing parabolic flights lasting t n . d n is computed as the temporal difference between two consecutive maxima of the force signal (discriminating between the real maxima and those arising from the piezoelectric inertial oscillation with a temporal period ∼100 μs). τ n is computed as the temporal width of the impact curve (which is always smaller than ∼ 100 μs). Thus, τ n t n and d n t n . We compute the COR from the set of t n using point particle dynamics [24] : 
C. Dissipation effects
As stated above, in this approximation, no viscous drag, sliding friction, or velocity-dependent effects on r are taken into account. Taking the natural logarithm on both sides we compute r as the slope of log t n versus n, as is shown in Fig. 3 . r is defined as the mean slope of five different trials. This procedure was used to compute the COR for five different materials, as presented in Table I . The COR was also measured following the same scheme but using the enclosing tube to constrain the bead horizontal dynamics. This shifts r values to lower ones, as air entrainment becomes important and even dominant in the bead dynamics. Values for the COR with (r c ) and without confinement (r) are shown also in Table I .
The difference between r and r c appears as a combination of the effect of air entrainment and wall friction due to confinement, affecting the measurement of the COR as the initial and terminal velocity after a bounce of the inelastic ball. In the literature, the problem of the terminal speed change due to confinement (which is responsible for the shift to lower values of r) has been extensively studied for different tube and particle diameters, terminal speeds, confinement fluids, and flow regimes (see Ref. [25] and references therein). Thus, we will work using the effective r c in what follows and leave this effect for future studies.
In Fig. 2 we show how d n and τ n are defined from the acquired temporal traces. The values of d n change as piston moves, but its typical scale is still much larger than τ n . The values of τ n change slightly depending on : τ n is of the order of 50 μs when the piston is in repose and 65 μs when the piston is moving randomly. These differences are taken into account when computing the discrete values of the exerted force and velocity of the piston, as is shown below.
III. EXPERIMENTAL RESULTS
As shown in Fig. 2 , a typical trace of the force and velocity for a steel bead (r c = 0.770, = 1.09, f l = 0) displays peaks and oscillations. The force signal consists of a series of peaks separated by the randomly spaced time intervals t n (as explained above). Between these intervals, the ball performs parabolic flights inside the tube. On the other hand, the velocity signal of the piston randomly fluctuates around zero. Around each impact n, we compute the discrete force F n and velocity v n by integrating the force and velocity signals in the time interval τ n . Each experimental run lasts 100 s. Between 10 and 500 collisions are observed, depending on the control parameters. To obtain sufficient data points for statistical analysis of all values of the control parameters (∼ 5 × 10 4 ), 100 runs are done for each value of these parameters.
A. Statistics of F n and v n as a function of
Let us begin by studying the statistics of F n as a function of shown in Fig. 4 . There is a transition from an exponential to a convexly shaped PDF with increasing . All the moments of F n increase with increasing . For large the PDF of F n can be fitted accurately by a Gaussian curve with only positive events almost centered at F n = 0. This effect can be better observed in the normalized PDFs for the rescaled variable F n /σ (F n ), displayed in the inset of Fig. 4 (top) , where a Gaussian fit is plotted (although the fit is not a normalized Gaussian with standard deviation equal to unity). The bottom of Fig. 4 shows the statistics for v n as a function of . All the curves can be accurately fitted by a Gaussian curve centered at v n = 0 with a standard deviation growing linearly with . As for F n , this effect can be better observed in the normalized PDFs for the rescaled variable v n /σ (v n ) shown in the inset of Fig. 4 (bottom), where a normalized Gaussian curve is plotted to emphasize this dependence.
B. Statistics of F n and v n as a function of r c
Fixing now at 1.00 and f l = 0 Hz, we change the bead material. Five different materials were used with different values of r c (see Table I ). The PDFs of F n for different values of r are shown in Fig. 5 (top) . A large difference between metallic and plastic beads is found in the typical values of F n . The rms value of metallic beads is 10 times larger than the one for plastic ones. In the normalized variable Fixing now at 1.00 and using a brass bead (r c = 0.742), we change the low-frequency cutoff f l from 0 to 150 Hz. The PDFs of F n for different values of f l are shown in Fig. 6 (top) . As f l increases, the typical rms fluctuations of F n decrease and new local maxima appear in the PDFs. These maxima are related to the appearance of a pseudoperiodic motion of the I n statistics as a function of , r, and f l Using the discrete force F n exerted by the piston on the bead and velocity v n of the piston, we can compute the discrete power I n = F n × v n injected on the bouncing bead system by the piston as a function of the nondimensional rms acceleration , the COR r c and the lower cutoff frequency f l , as is shown in Fig. 7 . Following the scheme presented above, we first fixed r c = 0.770 and f l = 200 Hz, and we computed the statistics of I n by changing . The PDFs display a cusp center at I n = 0 and tails which are asymmetrical; i.e., the probability of finding positive injected power events (I n > 0) is larger than the probability of finding negative injected power events (I n < 0). This means that the mean injected power I n is positive for every experimental run, which is needed in out-of-equilibrium systems as power will later be dissipated by internal mechanisms. For very low values of , the tails decrease slower than an exponential (the convexity of the slopes is positive). As increases the slopes become exponential and the typical scale of the fluctuations of I n increases. In the rescaled variable I n /σ (I n ) the curves collapse into a master curve which displays exponential tails. When we fix = 1.00 and f l = 200 Hz and we change r c , the PDFs of I n display a large difference between metallic and plastic beads (as in the case for F n ). The rms value of I n for metallic beads is 10 times larger than the one for plastic ones. In the normalized variable I n /σ (I n ), the PDFs collapse on the same curve [see inset of Fig. 7 (top) ], displaying asymmetric exponential tails and a cusp close to I n = 0. Fixing at 1.00 and r c at 0.742, we change f l from 0 to 150 Hz. As before, the PDFs of I n for different values of r c are similar in shape, and their respective rms fluctuations decrease with increasing f l . In the rescaled variable I n /σ (I n ) all curves collapse into the same master curve, which displays exponential asymmetric tails.
D. Injected power
In computing I n we have used the discrete multiplication instead of the integral over the collision time τ n of the product of force and velocity. The statistics of either computation method are almost equal, except for < 0.6 where the cusp near I n is rounder and smaller. This means that the approximation of I n as the direct multiplication of F n and v n is a valid choice. In this framework, the features of this PDF can be understood, as is shown in the next section.
IV. FEATURES OF THE INJECTED POWER STATISTICS
A way to understand the qualitative features of the PDF of injected power is to adapt the simple model proposed in Ref. [13] following Craig's XY distribution [26] . From the acquired data, we can see that the fluctuations of v n can be described accurately by a Gaussian random variable with zero mean. The fluctuations of F n cannot be described as the fluctuations of v n , as no negative values of F n can be achieved, even though the positive F n events are well fitted by a Gaussian curve. Thus, from the data presented above, F n can be approximated a semi-Gaussian variable, i.e., a random variable whose PDF is the product of a Gaussian and a Heaviside function (suitably normalized). We can model the PDF of F n , P (F n ) as
where α is the standard deviation of the Gaussian function if no restriction for negative values of F n is in place. Using the approximation that the exerted force per impact F n drives the inelastic bead into motion, while it changes the momentum of the piston, we calculate the injected power I n = F n × v n (even in this case where F n is always positive). Here the injected power into the bouncing ball system is computed by the multiplication of the velocity and force of the piston, as in Ref. [13] . The PDF of I n can be derived from direct integration of the joint probability distribution function for F n and v n with suitable integration domains. Let us use a simple model to compute the PDF of I n . In the case of two Gaussian variables which are correlated (linear statistical dependence), the joint probability distribution function is a bivariate distribution
is the correlation coefficient for the pair of random variables (F n ,v n ). Although other joint distribution functions can be displayed for two Gaussian variables with a given correlation [27] , we model our system with this joint distribution because of its simplicity in the calculation of the PDF of I n . Changing variables to I n = F n × v n and u n = F n and integrating Eq. (3) over F n on the domain [−∞,∞] we obtain the PDF for I n :
where K o (·) is the zeroth order modified Bessel function of the second kind. A simple expression of the above equation can be achieved by the steepest descent method,
, which connects the correlation coefficient of both variables, their rms fluctuations, and the injected power into the system. This expression displays two exponential tails controlled solely by the correlation coefficient c, which is equal to the mean injected power normalized when v n = 0.
We can obtain an expression for the PDF of I n by assuming that F n is semi-Gaussian and integrating it out in Eq. (3). The new PDF for I n has the same form as Eq. (4) with two modifications: by direct computation F n = √ 2/π α and σ (F n ) = α 2 (1 − 2π ), which are functions of α. With these substitutions in Eq. (3), the calculation of P (I n ) is the same as the one above. To wit, we plot in Fig. 8 the PDFs of I n in the reduced variable X/(1 − X 2 ) with
and the theoretical approximation for its PDF following Eq. (5). There is a good agreement for every COR between experimental and theoretically predicted curves. As predicted, the approximation to the theoretical PDF is good, although the negative tails depart from the predicted slope slightly for polyurethane. Notice that Eq. (4) uses no fitting parameters: all cumulants of X can be computed by knowing c.
V. DISCUSSION AND CONCLUSIONS
The discrete injected power I n needed to drive an inelastic bead into a NESS is studied. Power is injected via a randomly accelerating piston that drives the motion of the bead. Measuring both the mean force exerted by the piston over the inelastic bead and the mean velocity of the piston at each impact we can access the complete statistics of I n . We showed that by changing the rms fluctuations and frequency band of the random acceleration, and the restitution coefficient of the bead, the typical scale of the fluctuations of I n can change drastically, although the shape of the PDF of I n does not, as it is controlled solely by the normalized injected power c = (
. Using a simple model stemming from a bivariate distribution function the PDF can be predicted only knowing c, σ (v n ), and σ (F n ). This is shown in Fig. 8 : as r c is similar for four out of five materials used in the experiment, the PDFs of the normalized injected power display the same shape for a given and f l and only for the case of polyurethane (r c = 0.634) shows a large deviation from the other curves. Thus, in this simple out-of-equilibrium case, one can predict and compute the PDF of I n with only a very small set of external parameters which control completely the injected power statistics into an out-of-equilibrium system.
The PDFs exhibited in Fig. 8 are actually quite generic of the injected power furnished by a random force. The simplest system of this type is a single particle submitted to a viscous drag and a random external force. This system can be described as an Ornstein-Uhlenbeck random process (a noise with exponential correlation [16, 17] ). In the case using the joint bivariate normal probability function (3), the PDF of the injected power can be computed exactly [28] . Experimentally, such PDFs have been observed for a randomly vibrated thin elastic plate [12] as well as in randomly forced surface waves [13] . The shape of these PDFs can be also achieved in turbulent shell model submitted to random force [28] . This kind of fluctuations can be observed for other quantities resulting from the product of two centered random variables. The components of the turbulent Reynold stress tensor [29] or the rate of transferred energy in turbulence [30] displays the same features. They also appear in turbulent convection for the local heat transfer, which is mainly the product of temperature and vertical velocity fluctuations. Asymmetric PDFs with a cusp near zero and exponential tails were observed for the temporal fluctuations of the locally measured heat flux [31] , for the instantaneous fluctuations in space of the numerically computed heat flux [32] , and for the measurement of the heat flux using a Lagrangian probe [33] . There may exist other situations where such fluctuations are displayed. Even if the two variables involve in the product are not necessary Gaussian, the expression for the PDF of the injected power (4) is a useful benchmark to study the fluctuations of such a product. Thus, this simple yet powerful approach to the global fluctuations of an out-of-equilibrium system used in other NESS [8, [11] [12] [13] serves as a tool to study the statistical properties of different systems.
In that sense, the use of this approach can be thought as an opportunity to rethink the pertinence of some of the tools of out-of-equilibrium fluctuations, for instance, fluctuation theorems [34] , which are used to compute parameters associated to dissipative constants and effective energy scales (as in the case of the granular temperature [5, 6] ). Our work shows that from the statistics of I n we can distinguish what would be an effective dissipation coefficient in a dissipative out-of-equilibrium system. In our experiments, the different masses of the beads do not affect the PDF of the reduced variable X, even when the difference is one order of magnitude in mass. Only the different values of r c (which in our case depends on geometrical factors, viscous drag, friction, and plasticity of the material) affect the measured statistics of X as is shown in Fig. 8 . Thus, r c is a relevant control parameter of the dissipative system as it controls the amount of power that can be injected into the bouncing bead. The idea of the construction of an effective dissipation coefficient in dissipative out-of-equilibrium systems (such as the case of r c ) can thus be exported to systems where internal dissipative mechanisms are not yet measured or not well understood. Simple models for the statistics of the injected power, as the one presented here or elsewhere [28] , can be used to quantify, for instance, typical dissipative scale differences between systems as internal parameters are changed, even though no complete information of the internal microscopic dynamics is known. The application of this scheme on other dissipative out-of-equilibrium systems is then needed to confirm its potential use.
